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1. Introduction
Circulant graphs have deserved signiﬁcant attention in the last decades, both in graph theory and
applications. Among other achievements, we quote the classiﬁcation of planar circulant graphs [1],
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bounds on the diameter of a circulant graph [2,3] and applications to the design of interconnection
networks for parallel computing [4,2].
The approach taken in this paper is to realize circulant graphs as the vertices and edges of a tessela-
tion of a k-dimensional ﬂat torus byhypercubes. It is discussedwhen aquotient of lattices gives rise to a
circulant graph on a ﬂat torus (Proposition 3) and it is shown that any circulant graph Cn(a1, a2, . . . , ak)
can be embedded in a ﬂat torus (Proposition 4), determining a tesselation associated to a quotient of
lattices. These results provide a geometric interpretation of some previous results, including an upper
bound for the number of vertices for a maximum diameter given in [2], and to discuss tighter bounds
in speciﬁc cases. We analyze the genus of circulant graphs of degree up to six and develop new results
concerning genus one graphs, in the same direction started with the planarity condition established
in [1], and which are also related to [5]. As another consequence of this geometrical interpretation we
prove that to each circulant graph Cn(a1, a2, . . . , ak) with maximum density, i.e., attaining the upper
bound of [2], there corresponds a perfect code in the Lee space
(
Zkn, dLee
)
. These codes are hard to ﬁnd
when k 3, and there is an long-standing conjecture in coding theory that the perfect Lee codes are
exactly the few ones already known [6,7].
This paper is organized as follows: In Section 2 we introduce basic deﬁnitions and notations
concerning circulant graphs and graphs on ﬂat tori, and we prove Propositions 3 and 4 mentioned
above. In this same section we show how to obtain spherical codes from circulant graphs via a slight
modiﬁcation of the construction presented in Proposition 4. In Section 3we address the question of the
maximum number of vertices of a circulant graph of a given diameter and, as a consequence, obtain
a connection between densest circulant graphs for a ﬁxed diameter and perfect codes in Lee spaces.
In section 4 new results (Propositions 7 and 9) on the genus of circulant graphs of degree up to 6 are
derived.
2. Graphs on ﬂat tori and circulant graphs
In this section we introduce the deﬁnitions and notations used in this paper for circulant graphs
and graphs on a k-dimensional ﬂat torus. It is also discussed when those concepts can be related.
A circulant graphwith n vertices {v0, . . . vn−1} and jumps a1, . . . , ak , aj n/2, ai /= aj , is an undi-
rected graph such that each vertex vj , 0 j n − 1, is adjacent to the vertices vj±ai mod n, with 1 i k.
We denote this graph by Cn(a1, . . . , ak). A circulant graph is homogeneous: any vertex has the same
degree (number of incident edges), which is 2k except when aj = n2 for some j, when the degree is
2k − 1.
The n-cyclic graph and the complete graph of n vertices are examples of circulant graphs denoted
by Cn(1) and Cn(1, . . . , n/2), respectively.
Fig. 2 shows on its left side the standard picture for the circulant graph C13(1, 5).
Considering the graph distance (minimum number of edges connecting two vertices), the diameter
of a graph is the maximum distance between two vertices.
Two graphs are called isomorphic (and also isometric) if there is a bijection between their vertex
sets which preserves adjacency. In what follows, the expression (a1, . . . , ak) = (a˜1, . . . , a˜k) mod n
means that for each i, there is j such that ai = ±a˜j mod n. Two circulant graphs Cn(a1, . . . , ak) and
Cn(a˜1, . . . , a˜k)are said to satisfy Ádám’s condition if there is r, gcd(r, n) = 1, such that
(a1, . . . , ak) = r (a˜1, . . . , a˜k) mod n. (1)
An important result is that circulant graphs satisfying Ádám’s condition are isomorphic [8]. The recip-
rocal of this statement was also conjectured by A. Ádám. It is false for general circulant graphs but it
is true in special cases such as k = 2 [9] or n = p (prime) [10,11].
A circulant graphCn(a1, . . . , ak) is connected if, and only if, gcd(a1, . . . , ak , n) = 1 [12]. In this paper
we only consider connected circulant graphs.
Our approach here is based on embedding circulant graphs in k-dimensional ﬂat tori. Given a basis
α = {u1, . . . , uk} of Rk , the lattice Λα generated by α is the group
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Fig. 1. On the top, a topological view of the ﬂat torus as the standard torus of R3 is obtained by identiﬁcation of the opposite
sides of a parallelogram in two steps. On the bottom, the distance dα on the ﬂat torus is viewed as the Euclidean distance d in
R2 : dα(a¯, b¯) = d(a, b) but dα(a¯, c¯) = d(a′ , c).
Λα =
⎧⎨
⎩
k∑
i=1
miui ∈ Rk; mi ∈ Z, i = 1, . . . , k
⎫⎬
⎭ . (2)
The ﬂat torus Tα is algebraically deﬁned as the quotient space Tα = Rk/Λα . It may be also deﬁned
through a modulus function μα : Rk → Rk
μα (x) = x mod Λα = x −
k∑
i=1
xi ui, (3)
where x = ∑ki=1xiui and xi denotes the greatest integer less than or equal to xi. Two vectors x and
y of Rk are in the same coset if, and only if, μα(x) = μα(y), which means that x − y ∈ Λα . In what
follows, we denote by x¯ the coset x + Λα .
The Euclidean distance d inRk induces a distance dα on the ﬂat torus Tα in a natural way [13]. Given
a, b ∈ Rk , the distance between the cosets a¯ and b¯ is:
dα
(
a¯, b¯
)
= min
{
d (z, y) = ||z − y|| ; z ∈ a¯, y ∈ b¯
}
, (4)
where ||x|| =
√∑k
i=1x2i is the Euclidean vector norm in Rk .
Geometrically, the ﬂat torus Tα can be characterized as the quotient of R
k by the group of transla-
tions generated by α, also denoted byΛα . For k = 2 and α = {u, v}, this quotient Tα can be viewed as
the parallelogram generated by u and vwith the opposite sides identiﬁed (this parallelogram contains
all the coset representatives with redundancy on the border).
Fig. 1 illustrates a ﬂat torus for k = 2 and shows the distances dα(a¯, b¯) and dα(a¯, c¯), where a¯, b¯ and
c¯ are the cosets of a, b and c, respectively, a, b, c ∈ R2.
For k = 2, the ﬂat torus can also be viewed as the standard torus surface in the three-dimensional
Euclidean space (Fig. 1). However, it can be distinguished from this last one because it behaves like a
cylinder inR3: it is perfectly homogeneous (no point can be distinguished from another one) and can
be cut and ﬂattened into a parallelogram.
2.1. Tessellations and graphs on ﬂat tori associated to circulant graphs
Let us consider ﬁrst the bidimensional case. The integer lattice Z2 tesselates the plane by unit
squares with vertices lying on Z2, and this tesselation also deﬁnes a graph on Z2 where two vertices
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Fig. 2. Two views of the circulant graph C13(1, 5).
are adjacent if they differ by ±e1 or ±e2. Consider a basis α = {u, v}, where u = (a, b), v = (c, d),
with a, b, c, d integers, and the sublatticeΛα generated by α. The quotientZ
2/Λα induces a graph and
a squared tessellation with n = |det[ut , vt]| = |ad − bc| vertices on the ﬂat torus Tα .
As an example, for u = (3, 2) and v = (−2, 3)we get a graph Γα on the ﬂat torus with 13 vertices,
and the associated tessellation has also 13 squares (Fig. 2 on the right side).
The plane vertical translation by the vectorw = (0, 1) induces a cyclic labeling inΓα . Note that the
vertical segments of the graph are connectedwhenwe identify the opposite sides of the parallelogram,
and that the graph vertices are placed on this closed curve on the surface of the torus. Viewed in the
standard torus of R3 this closed curve is a knot (the trefoil knot). This circular labeling, which induces
an isomorphism between the graph Γα and the circulant graph C13(1, 5), is the one which translates
the graph distance in the ﬂat torus.
With this example, we raise a natural question: for which bases α = {(a, b), (c, d)} and which
vectors w = (e, f ) in R2 can we assert that Γα is cyclic and labeled by w in such a manner that
this labeling establishes an isomorphism with a circulant graph? We will address this question in its
k-dimensional version.
Let α = {u1, . . . , uk} be a basis of Rk with integer coordinates and Tα be the associated ﬂat torus.
The existence of a graph and tessellation of Tα by hypercubes is asserted by the next proposition.
Proposition 1 ([14]). Let α = {u1, . . . , uk} be a basis of Rk of vectors with integer coordinates, Λα the
lattice generated by α and T the associated ﬂat torus. Z
k ⊂ Rk induces, through the quotient map μ¯α , a
regular graph Γα = ZkΛα and a tessellation of Tα by unit hypercubes where
(a) μ¯α(Z
k) are the vertices of Γα.
(b) μ¯α
(
[i1, i1 + 1] × Zk−1
)
∪ μ¯α
(
Z × [i2, i2 + 1] × Zk−2
)
∪ · · · ∪ μ¯α
(
Zk−1 × [ik , ik + 1]
)
,
ij integer, is the union of the edges.
(c) μ¯α
(∏k
j=1[ij , ij + 1]
)
, ij integer, are the hypercubic tiles.
(d) The number of vertices, V , and the number of hypercubic tiles, F , of Γα are both equal to|det [ut1, . . . , utk] |.
Natural questions related to the graph Γα and its underlying Abelian group,
Zk
Λα
, are:
(1) When is Z
k
Λα
cyclic?
(2) In this case, which w ∈ Zk provides a cyclic labeling of Γα , and which circulant graph is asso-
ciated to α andw?
In what follows we will denote both the graph and the group associated to the quotient of lattices
by Γα .
The next result is adapted from Proposition 23 of [14].
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Proposition 2. Under the hypotheses of Proposition 1, consider the k × k matrix A whose columns are
the vectors ui of α. Then Γα = ZkΛα is cyclic if and only if there are vectors w = (w1, . . . ,wk) ∈ Zk and
h = (h1, . . . , hk+1) ∈ Zk+1 such that the (k + 1) × (k + 1) matrix M,
M =
[
A wt
h
]
, (5)
has determinant 1. In this case, 〈w¯〉 = Γα.
Proof. Γα is cyclic if and only if there exists w¯ with order n = |det [ut1, . . . , utk] | = |detA|, which
means that n is the least positive integer r such that Ax = rw has a solution x ∈ Zk . Since by Cramer’s
rule x = (x1, . . . , xk) is given by xi = n detAidetA , where the matrix Ai is the matrix A with the ith column
replaced by w, the minimum r is n if and only if gcd(det A, det A1, . . . , det Ak) = 1. This is equivalent
to the existence of integers h1, . . . , hk+1 such that
∑k
i=1hidetAi + hk+1detA = 1. Hence, the assertion
follows from Laplace’s development on the last row ofM. 
The next result describes Γα as a circulant graph when the conditions of the previous proposition
are satisﬁed:
Proposition 3. Under the same conditions and notations of Proposition 2, consider the submatrices Mi,j
of M obtained by deleting the ith row and the jth column of M. The labeling map by w¯ induces a graph
isomorphism
Γα ≈ Cn(a1, . . . , ak),
where n = |detA| and ai = min{|det(Mi,k+1)| mod n,−|det(Mi,k+1)| mod n}.
Proof. The adjacency relation in Γα is the one induced by Z
k , and therefore the vertices adjacent to
0¯ are the elements ±ei for i = 1, . . . , k. We need to ﬁnd the solutions ai of the equations aiw = ∓ei,
and
aiw = ∓ei⇐⇒∃r1, . . . , rk ∈ Z such that aiw ± ei = r1u1 + · · · + rkuk , (6)
⇐⇒ r1u1 + · · · + rkuk − aiw = ±ei, (7)
⇐⇒ r1al 1 + · · · + rk al k − ai wl = ±δi l , l = 1, . . . k. (8)
Taking M as the matrix of equation (5), from M Adj(M) = det(M)I = I we conclude that r1 =±(−1)i+1 det(Mi 1), . . . , rk = ±(−1)i+k det(Mi k) and ai = ±(−1)i+k+1 det(Mi k+1) is a solution of
system (8), and therefore aiw is a neighbour (adjacent to) of 0¯. On the other hand, since system (8)
has a unique solution, these are all the adjacent vertices to 0¯. This means that the labeling by w¯ is a
graph isomorphism betweenΓα and the circulant graphwritten in the reduced form as Cn(a1, . . . , ak),
where
ai = min{|det(Mi k+1)| mod n,−|det(Mi k+1)| mod n}. 
Remark 1. The graph distance in Γα is the one induced by the graph distance in Z
k . For u¯, v¯ ∈ Γα =
Zk
Λα
:
dΓα (u¯, v¯) = min
⎧⎨
⎩
k∑
i=1
|ui − vi|, u = (u1, . . . , uk) ∈ u¯ and v = (v1, . . . , vk) ∈ v¯
⎫⎬
⎭ .
Remark 2. For other w′ and h′ satisfying (5) we may obtain from Proposition 2 a circulant graph
Cn
(
a′1, . . . , a′k
)
, different from the one generated byw and h, but both must be isomorphic. Moreover,
they must satisfy also Ádám’s condition (1). In fact, by Proposition 2 we have 〈w¯〉 = 〈w′〉and this
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Fig. 3. The circulant graph C13(2, 3) ≈ C13(1, 5) labeled byw = (1, 1).
means that there are integers r, t both coprime with n, such that w¯ = rw′ and w′ = tw. Therefore
ei = ai w = ai rw′ and ei = a′i w′, and hence a′i w′ = ai rw′. Thus a′i = ai r mod n.
Example 1. The right side of Fig. 2 shows the circulant graph C13(1, 5) on the ﬂat torus generated
by v1 = (3, 2) and v2 = (−2, 3) labeled byw = (0, 1) (h1 = −1, h2 = 1, h3 = 0). If we consider the
labeling by w′ = (1, 1) (h1 = h3 = 0 and h2 = −1), we get, by Proposition 2, C13(2, 3) on the ﬂat
torus with the same set of vertices (see Fig. 3). According to Remark 2, (1, 5) = 6 (−2, 3) mod 13 and
these circulant graphs are isomorphic.
2.2. Circulant graphs realized as graphs on ﬂat tori
Proposition 3 shows that, under certain conditions, the graph underlying the tessellation of a ﬂat
torus by hypercubes given in Proposition 1 is isomorphic to a circulant graph. The next result shows
the reciprocal: any circulant graph can be embedded (without crossings) in a ﬂat torus.
Proposition 4. Any connected circulant graph Cn(a1, . . . , ak) of degree 2k with vertices {v1, . . . , vn} is
isomorphic to a graph Γα which tessellates a k-dimensional ﬂat torus Tα by hypercubes. That is, there are
a basis α = {u1, . . . , uk} of Rk , ui ∈ Zk and a labeling vector w ∈ Zk such that, for the lattice Λα =
〈u1, . . . , uk〉, the map  : Zn −→ Γα = ZkΛα given by i¯ → iw is a group isomorphism that induces a
graph isomorphism:
Cn(a1, . . . , ak)  Γα = Z
k
Λα
= 〈w¯〉  Zn.
Proof. Weﬁrst note that since Cn(a1, . . . , ak) is connected, gcd(a1, . . . , ak , n) = 1 and hence there are
integers w1, . . . ,wk+1 such that
w1 a1 + · · · + wk ak + nwk+1 = 1. (9)
Consider w˜ = (w1, . . . ,wk+1). For s = (a1, . . . , ak , n), following [1], we take a basis α˜ = {u˜1, . . . , u˜k},
u˜j = (u1 j , . . . , uk+1 j) ∈ Zk+1, of the sublattice ofZk+1 deﬁned by the intersection of the hyperplane
s⊥ orthogonal to s and Zk+1. We will show next that the (k + 1) × (k + 1) matrix M which has the
vectors u˜1, . . . , u˜k and w˜ for columns has determinant equal to one, and that its left upper corner k × k
submatrix, A = {ui j}, 1 i, j k, has determinant n. The ﬁrst claim follows from the decomposition
Zk+1 = Zw˜ ⊕ (s⊥ ∩ Zk+1)
givenbyu = 〈u, s〉 w˜ + (u − 〈u, s〉 w˜),where (u − 〈u, s〉 w˜) ∈ s⊥ ∩ Zk+1 because 〈w˜, s〉 = 1.There-
fore {u˜1, . . . , u˜k , w˜} is a basis for Zk+1 and it is well known [15] that detM = ±1, what means that,
up to permutations of columns, we may assume detM = 1.
By construction, Mt s = ek+1 and from Cramer’s rule we get n = detAdetM = detA. Furthermore aj =
(−1)j+k+1detMj (k+1), as required.
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Fig. 4. The circulant graph C13(3, 5) on the ﬂat torus, labeled byw = (2,−1).
Fig. 5. The circulant graph C13(1, 5) on the ﬂat torus Tα , where α = {(3, 2), (−2, 3)}, labeled by (2, 3).
The assertion of this proposition follows from Propositions 2 and 3 taking α = {u1, . . . , uk} andw
where ui andw are obtained from u˜i and w˜ by deleting the last coordinate. 
Example 2. ToconstructΓα isomorphic toC13(3, 5)wemustﬁndabasis for the latticeZ
3 ∩ (3, 5, 13)⊥.
Using the Hermite normal form, we get the basis {u1, u2}, where u1 = (−5, 3, 0) and u2 = (1, 2,−1)
and the vector w˜ = (2,−1, 0). Hence, the ﬂat torus will be generated by vectors v1 = (1, 2) and
v2 = (−5, 3) and we get Γα ≈ C13(3, 5), labeled byw = (2,−1) (Fig. 4).
Remark 3. Given a circulant graph Cn(a1, . . . , an), the way to construct a matrix M as in (5) and its
correspondent isomorphic graph Γα on a ﬂat torus are far from being unique. Even the condition
used in the construction of Proposition 4, which implies that the ﬁrst k columns of M are orthogonal
to (a1, . . . , ak , n), is a sufﬁcient but not a necessary condition. As we saw in Example 1, the matrix
M =
[
3 −2 0
2 3 1
−1 1 0
]
gives rise, by Proposition 2, to the circulant graph C13(1, 5).
2.3. Connections to spherical codes
A slightly different version of Proposition 4 allows us to establish a connection of circulant graphs
with spherical codes, as it is done in [16]. For this purpose we need ﬁrst to construct an embedding of
Cn(a1, . . . , ak) in the ﬂat torus associated to the hypercube generated by {n e1, . . . , n ek}, i.e., the torus
Rk/(nZ)k . In contrast to with the representation given in Proposition 4, this one induces a tessellation
by parallelotopes on this “cubic” torus. Fig. 5 illustrates the two views of the circulant graph C13(1, 5),
the left one given by Proposition 3, and the other one given by the following proposition.
Proposition 5. Any connected circulant graph Cn(a1, . . . , ak) of degree 2k with vertices {v1, . . . , vn} is
isomorphic to a graph Λ, which tessellates by hyperparallelotopes the k-dimensional ﬂat torus generated
by vectors n ei. That is, there exist a basis β = {b1, . . . , bk} of Rk and a vector v ∈ Zk such that
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Fig. 6. The circulant graph C13(1, 4) on the ﬂat torus Tα , where α = {(3,−1), (−2, 5)}, labeled by (2, 3).
Cn(a1, . . . , ak) 
Γβ
(nZ)k
= 〈v¯〉  Zn and (vi) = i v is an isomorphism.
Proof. Consider vectors w, u1, . . . , uk , matrices M and A and the group isomorphism  : Zn → Γα
as in Proposition 4, and let Λα = AZk . Since Adj(A)A = nI and Adj(A) is invertible, the group homo-
morphism ϕ : Rk → Rk/nZk given by v → Adj(A)v has the lattice Λα as kernel, and hence induces
a group isomorphism ϕ¯ : Zk/Λα → Adj(A)Zk/(nZ)k . The map ϕ¯ ◦ Ψ : Zn → Adj(A)Zk/(nZ)k is
a group isomorphism which induces an embedding of Cn(a1, . . . , ak) in the torus R
k/(nZ)k . Note
that a¯ and b¯ are adjacent if and only if a¯ − b¯ = ±Adj(A)ei for some i ∈ {1, 2, . . . , k}. Finally, we take
bj = Adj(A)ej for j = 1, . . . , k and, since ϕ¯ ◦ (vi) = iϕ¯(w¯), we may take v¯ = ϕ¯(w¯). 
Example 3. The representation of the circulant graph C13(1, 5) on the ﬂat torus generated by α ={(3, 2), (−2, 3)}and labeledbyw = (0, 1) induces through ϕ¯ agraphonZ213, labeledby ϕ¯(w) = (2, 3),
as Fig. 5 shows. The circulant graph C13(1, 4) is represented in Fig. 6 embedded in the ﬂat torus Tα ,
α = {(3,−1), (−2, 5)}.
We conclude this section remarking that for gcd(a1, . . . , ak) = 1 there exists a special represen-
tation of Cn(a1, . . . , ak) in R
k/(nZk) whose set of vertices is {j(a1, . . . , ak); j = 1, . . . , n} [14,16].
By embedding the hypercube [0, n]k in the ﬂat torus contained in a unit sphere of R2k , through
themapφ(u1, . . . , uk) =
(
ρ1
(
cos
(
u1
ρ1
)
, sin
(
u1
ρ1
))
, . . . , ρk
(
cos
(
uk
ρk
)
, sin
(
uk
ρk
)))
, ρ21 + · · · + ρ2k =
1, we get a spherical code in R2k associated to this circulant graph, which has (ρ1, 0, . . . , ρk , 0) for its
initial vector and is generated by a cyclic group of orthogonal matrices [16].
3. Bounds for the number of vertices of a circulant graph with degree 2k and diameter δ
A pertinent question which has been answered for speciﬁc cases is: Given a diameter δ, what is
the maximum number of vertices n = ρ(δ, k) for which there exists a δ-diameter circulant graph
Cn(a1, . . . , ak) of degree 2k? Using combinatorial techniques, the authors of [2] obtained the following
upper bound:
Proposition 6 ([2]). Let Cn(a1, . . . , ak) be a circulant graph of diameter δ. Then
n
k∑
j=0
2jk!δ!
(k − j)!(δ − j)!(j!)2 . (10)
DU
PL
I
AT
E
S.I.R. Costa et al. / Linear Algebra and its Applications 434 (2011) 1811–1823 1819
Via Proposition 4we obtain a geometrical interpretation for (10), a recursive formula for this upper
bound and an equivalence between the existence of a circulant graph which reaches these bounds for
a given diameter and that of perfect codes in Lee spaces.
Let Γ = Cn(a1, . . . , ak) be a circulant graph of diameter δ, let Γα be an embedding of this graph in
Rk/Λα as in Proposition4, and consider inZ
k the graphdistanced(u, v) = ∑ki=1|ui − vi|. Letμk(δ)be
the number of points of a ball of radius δ inZk;we claim that nμk(δ). In fact, given v¯ ∈ Zk/Λα , since
δ  dΓα (0¯, v¯) = min{d(0, v′); v′ ∈ v¯}, there exists v′ ∈ v¯ ∩ B(0, δ); it follows that B(0, δ) contains a
full set of representatives ofZk/Λα and hence nμk(δ). Thereforeμk(δ) gives an upper bound for the
maximum number of vertices, n = ρ(δ, k), of a circulant graph of degree 2k and diameter δ.
In order to calculateμk(δ)we decompose the k-dimensional δ-ball (inZ
k with the graph distance)
in layers,
B(0, δ) = ⋃
−δ  xk  δ
{(x1, x2, . . . , xk−1, xk); |x1| + |x2| + · · · + |xk−1| δ − |xk|}
and it is clear that each layer corresponds to a ball of radius δ − |xk| in Zk−1. Hence, we have the
recursive equation
μk(δ) = μk−1(δ) + 2
δ∑
j=1
μk−1(δ − j). (11)
Solving this recursion with a computer algebra program we obtain the hypergeometric series which
parameters {−δ,−k, 1, 2}, which provides the polynomial expression for μk(δ)
μk(δ) =
k∑
j=0
2jk!δ!
(k − j)!(δ − j)!(j!)2 (12)
which is the right-hand side of (10).
We remark that μk(δ) has also been studied in association with Diophantine equations in [17]
under the notation pn(k). Eqs. (11) and (12) and the hypergeometric expression can be found there.
The upper bound (12) is reached when k = 2, since μ2(δ) = 1 + 4 + 4 · 2 + · · · + 4 δ = (δ +
1)2 + δ2 and this is the diameter of C(δ+1)2+δ2(1, 2δ + 1). In fact, this graph can be obtained by a
matrix constructed as in Proposition 2,
M =
⎡
⎣δ+ −δ 0δ δ + 1 1
1 −1 0
⎤
⎦
and hence the vectors deﬁning the ﬂat torus and the lattice Λ are v1 = (δ + 1, δ) and v2 = (−δ, δ +
1), det(A) = (δ + 1)2 + δ2, a1 = 2δ + 1 and a2 = 1.
In Fig. 7 one sees that the representatives of Z
2
Λ
nearest to the origin compose a full ball of radius δ
inZ2. So, Cn(1, 2δ + 1), n = (δ + 1)2 + δ2, is a densest degree four circulant graph for a given diameter
δ. We will see further ahead that these circulant graphs are related to δ-error correcting perfect codes
in the Lee spaces Zn2.
This bound may not be reached for higher values of k. For instance, when k = 3 we have
μ3(δ) = (δ + 1)2 + δ2 + 2
δ∑
j=1
(j + 1)2 + j2 = 1
3
(4δ3 + 6δ2 + 8δ + 3).
Hence μ3(2) = 25, but a computer search shows that the maximum number of vertices in this case
is 21.
A geometrical interpretation for the fact thatμk(δ) may not be reached is that to reach this bound
is equivalent to provide a tessellation of Zkn, by full balls of radius δ (in the graph metric). The non-
existence of such a tessellation for δ  2 and k > 2 is a long-standing conjecture by Golomb andWelch
[6], as we point out next.
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Fig. 7. C13(1, 5) represented as
Z2
Λ
= Γα on the ﬂat torus generated by α = {(3, 2), (−2, 3)} and representatives of Γα nearest
of the origin.
Consider a metric space (M, d), where d attains only integer values, and let r ∈ Z, r  1. A subset C
ofM is an r-correcting code if B(x, r)
⋂
B(y, r) = ∅ for all x, y ∈ C, x /= y. This code is r-perfect if it is
an r-correcting code such thatM = ⋃x∈C B(x, r).
As before, consider in Zk the graph metric d(u, v) = ∑ |ui − vi|. The metric of the quotient graph
on Zkn (  Z
k/(nZ)k) is called the Lee metric on Zkn, and is given by
dLee((x¯1, x¯2, . . . , x¯k), (y¯1, y¯2, . . . , y¯k)) =
k∑
i=1
min{|xi − yi| , |n − (xi − yi)|}. (13)
One way of constructing codes in Zkn is to take a lattice Λα such that nZ
k ⊂ Λα ⊂ Zk and deﬁne C
as C = Λα/nZk . The code thus obtained is linear, i.e., is a Zn-submodule of Zkn, and every linear code
inZkn can be obtained in this manner. This correspondence is an important tool in the investigation of
codes over the Lee metric. If r > n + 1, it is known that Λα is an r-perfect code in (Z, d) if and only if
C = Λα/(nZ)k is an r-perfect code in
(
Zkn, dLee
)
[6,7].
LetAbeageneratormatrix forΛα and letn = |det(A)|. Note thatnZk ⊂ Λα , sincenZk = (nI)Zk =
(A · Adj(A))Zk ⊂ AZk = Λα . Now, if n = μk(δ), then
B(0, δ) ∩ B(u, δ) = ∅ for all u ∈ Λα , u /= 0
because B(0, δ) always contains a complete set of representatives ofZk moduloΛα and, since |Zk/Λα|= n = |B(0, δ)|, no two elements in B(0, δ) are congruent modulo Λα . Since the graph metric is
translation-invariant, it follows that Λα is a δ-perfect code in Z
k and hence that C = Λα/(nZ)k is
a δ-perfect Lee code in Zkn.
Therefore, we have established the following correspondence: to each “densest” circulant graph
Cn(a1, . . . , ak) which achieves the upper bound n = μk(δ) for some diameter δ, there corresponds a δ-
perfect linear code C of order nk−1 in the Lee spaceZkn. In fact, there exists a circulant graph Cn(a1, . . . , ak)
such that n = μk(δ) if and only if there exists a lattice Λα ⊂ Zk such that B(0, δ) is a complete set of
representatives ofZk moduloΛα; and if such lattice exists, then C = Λα/(nZ)k is a δ-perfect code in(
Zkn, dLee
)
.
As mentioned before, for k = 2 and n = δ2 + (δ + 1)2, Cn(1, 2δ + 1) has the maximum num-
ber of vertices for a given diameter δ. In fact, this graph can be obtained as Γα = Z2/Λα with
α = {(δ + 1, δ), (−δ, δ + 1)} and labeling vector w = (0, 1). It can be checked that Λα/(nZ)2 ={m(δ + 1, δ);m ∈ Zn} and that this code is δ-perfect [14] (see Fig. 5 for δ = 2, C13(1, 5)).
The above mentioned Golomb andWelch conjecture, which has been, up to now, proved in several
special cases (see [18] and [7] for references), has a direct translation in terms of Lee codes: there are
no δ-perfect Lee codes for δ  2 and k > 2. Based on the correspondence between circulant graphs
which reach the upper bound μk(δ) and perfect codes in Lee spaces correcting δ errors developed
here, we may rewrite the Golomb–Welch conjecture now concerning to circulant graphs:
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Conjecture. For a ﬁxed diameter δ  2 there is no circulant graph Cn(a1, . . . , ak) of degree 2k, and μk(δ)
for k > 2.
4. On genus of circulant graphs
The genus of a graph is deﬁned as the minimum genus of a 2-dimensional compact surface on
which this graph can be embedded without crossings [19,20]. This number is the genus of a surface
on which the graph induces a tessellation and, besides being a measure of the graph complexity it is
related to other invariants like the algebraic connectivity [21].
The standard relation for the genus g of a connected graph with n vertices and e edges, n 3 is
[20,19]:⌈
1
6
e − 1
2
(n − 2)
⌉
 g 
⌈
(n − 3)(n − 4)
12
⌉
. (14)
For a circulant graph Cn(a1, . . . , ak), a1 < a2 < · · · < ak  n2 , we have e = n k or e = n (2k − 1)/2 ac-
cording to n < 2 ak or n = 2 ak . The lower bound in last expression can be then replaced by⌈
n
6
(k − 3) + 1
⌉
, for n < 2 ak or
⌈
n
6
(
k − 7
2
)
+ 1
⌉
, for n = 2 ak .
For k = 2, we show next, as an immediate consequence of Proposition 4, that circulant graphs
Cn(a1, a2) are very far from reaching the upper bound for the genus given in the above relation.
Proposition 7. Any circulant graph Cn(a1, a2), a1 < a2 <
n
2
, has genus one, except for the cases of planar
graphs: i) a2 = ±2a1 mod n, and 2|n, ii) a2 = n/2, and 2|a2.
Proof. By Proposition 4, any circulant graph Cn(a1, a2) can be embedded in a 2-dimensional ﬂat torus
which has genus 1. So, its genus is at most one. On the other hand in [1] it is shown that the unique
planar circulant graphs are Cn(1) or Cn(a1, a2), where i) a2 = ±2a1( mod n) and 2|n or ii) a2 = n/2
and 2|a2, completing the proof. 
In opposition to the case k = 2, the genus of a circulant graph Cn(a1, a2, a3) can be arbitrarily high,
as we see next.
For k = 3 and n /= 2a3 we can assert that the genus of Cn(a1, a2, a3) satisﬁes:
1 g 
⌈
(n − 3)(n − 4)
12
⌉
.
As it is well known, the genus of the complete graph C7(1, 2, 3) achieves the minimum value one.
We will construct next a family of circulant graphs of arbitrarily high genus.
To illustrate this constructionwe startwithM =
⎡
⎣4 0 0 10 5 0 1
0 0 7 1
1 3 −6 0
⎤
⎦, detM = 1, anduseProposition
3 to get the circulant graph C140(20, 35, 56). The genus of this graph must be greater than 17 because,
when viewed on the ﬂat torus generated by (4, 0, 0), (0, 5, 0) and (0, 0, 7), it is a supergraph of a graph
isomorphic toZ4 × Z4 × Z4, which has genus 17 (see Fig. 8). In fact, the subgraph Γ (4, 4, 4) given by
the cube {0, 1, 2, 3}3 of R3 has genus 5, since V + F − E = 43 + 18 · 4 − 9 · 42 = 2 − 2 · g (Euler’s
relation). To connect the vertices of the cube parallel faces and get the embedding of Γ (4, 4, 4) in a
surface, we need more 12 handles, and therefore the genus adds up to 17.
The genus ofΓ (4, 4, 4) can also be determined in amore systematicway. If we consider the handles
as tubes with four “squared” faces, the surface where it is embeddedwill be tessellated by squares in a
uniformway. At each vertex 6 edges and 6 faceswillmeet (see Fig. 9) and since each edge connects two
vertices and 2 faces, and each face contains 4 edges, wemust have for the numbers V , E, F respectively:
E = 6
2
V = 3 V and F = 2 E
4
= 3 V
2
. (15)
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Fig. 8. The graph Z4 × Z4 × Z4 can only be embedded in a surface of genus at least 17.
Fig. 9. Uniform pattern of the surface tessellation induced by the graph Γ (2m1, 2m2, 2m3): 6 edges and 6 faces meeting at
each vertex.
Hence, by Euler’s relation, V + F − E = 2 − 2 g, we get
g = V
4
+ 1. (16)
Since in this case V = 43, we get g = 17.
The same kind of arguments of this last example can be used to construct a family of circulant graphs
Cn(a1, a2, a3) of arbitrarily high genus. Such graphs are supergraphs of a graph Γ (2m1, 2m2, 2m3)
deﬁned as the Cayley graph on three generators of the group Z2m1 × Z2m2 × Z2m3 . The adjacency
relation in this graph is the one induced byZ3, that is: (a¯, b¯, c¯) is connected to (d¯, e¯, f¯ ) if the Lee distance
(deﬁned as in (13)) is one. To determine the genus of the graph Γ (2m1, 2m2, 2m3), we start from
its subgraph associated to the box {0, . . . , 2m1 − 1} × {0, . . . , 2m2 − 1} × {0, . . . , 2m3 − 1} ⊂ R3
with the necessary cubic holes and handles given by “squared” tubes connecting the parallel faces in
the “checkerboard" box (Fig. 10 shows the position of the handles on a face for m1 = 3 and m2 = 2).
The graph Γ (2m1, 2m2, 2m3) will be then embedded in the surface thus obtained inducing, as in
the previous example, a uniform squared tessellation where at each vertex 6 edges and 6 faces meet
(Fig. 9). Hence the same relations (15) and (16) above hold and, since the number of vertices of Γ is
23 m1 m2 m3, we get the following result:
Lemma 8. The genus of the Cayley graph of Z2m1 × Z2m2 × Z2m3 , mi > 2, is g = 2m1 m2 m3 + 1.
Note that in the previous example we can see, from the matrix M used that, in fact, the circulant
graph viewed in the ﬂat torus is a supergraph of Z4 × Z4 × Z6 and hence, by the last Lemma, its
genus must be at least 25.
Finally, to exhibit a family of circulant graphs Cn(a1, a2, a3) of arbitrarily high genus, we start from
a 4 × 4 matrix:
M(m) =
⎡
⎢⎢⎣
2m + 1 0 0 1
0 2m + 2 0 1
0 0 2m + 3 1
−(m + 1) 1 m + 1 0
⎤
⎥⎥⎦ . (17)
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Fig. 10. A face of the box underlying Γ (2m1, 2m2, 2m3), form1 = 4,m2 = 3. Tubes placed on the contours of H-squares will
be connected with the other parallel face.
From Proposition 3, considering the last column cofactors we have that the associated circulant
graph is Cn(a1, a2, a3), where n = (2m + 1) (2m + 2) (2m + 3), a1 = 2 (m + 1) (2m + 3), a2 =
2 (2m + 1) (m + 1)2, and a3 = 2 (2m + 3) (m + 1)2. By viewing, as in Proposition 3, this circulant
graph on the ﬂat torus generated by α = {u1, u2, u3}, u1 = (2m + 1, 0, 0), u2 = (0, 2m + 2, 0) and
u3 = (0, 0, 2m + 3), we conclude it is a supergraph of Z2m × Z2m+2 × Z2m+2. Therefore, using
Lemma 8 we get the following proposition:
Proposition 9. There are circulant graphs Cn(a1, a2, a3) of arbitrarily high genus. A family of such graphs
is given by: n = (2m + 1) (2m + 2) (2m + 3), m 2; a1 = 2 (m + 1) (2m + 3), a2 = 2 (2m + 1)
(m + 1)2, a3 = 2 (2m + 3) (m + 1)2, with the correspondent genus satisfying
g  2m (m + 1)2 + 1. (18)
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